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MODEL FOR NEARFIELD ELECTROMAGNETIC SHIELDING 
BY CYLINDRICAL SHELLS OF COMPOSITE MATERIALS 

1.    INTRODUCTION 

This investigation focuses on the shielding of sources at low frequencies by cylindrical 

shells of composite materials characterized by complex permeability and permittivity. In brief, the 

magnetostatic problem is solved by first formulating the nearfield source in binomial expansions 

and the fields around the cylindrical shell in powers of Legendre polynomials.1-5 Next, the 

boundary conditions of the fields are applied to the cylindrical surface. The magnetostatic solution 

is then used as input to alternate iterations of Faraday's law and Ampere's law to generate a 

perturbation expression of the fields. The primary objective of this process is to develop a 

mathematical model of the H, B, E, and D fields* as they exist in the presence of the cylindrical 

shell. 

More specifically, the time-averaged Poynting vector must be obtained. This requires 

solution of Maxwell's equations by iteration, and begins with calculations of the B and H fields in 

the magnetostatic limit for source models representing transformers and power supplies near the 

cylindrical shell. The boundary conditions for the continuity of the tangential component of the H 

field and the normal component of the B field are applied at the two interfaces of the cylindrical 

shell, as shown in figure 1. 

The resulting magnetostatic fields are then substituted into Ampere's circuital law by 

equating the curl of the H field to the current density and the time derivative of the displacement 

vector. The E field can be extracted from the current density by using Ohm's law. The solution for 

the E field is generated from and, by iteration, is substituted into Faraday's law to yield improved 

H and B fields. The iteration proceeds back and forth between Ampere's law and Faraday's law, 

generating an infinite series of// and B correction terms, as described by Feynman.6 This series of 

E and H fields (truncated for the purpose of this investigation) will yield the E and H fields used in 

the calculation of the Poynting vectors. Because this is a nearfield model, retarded time effects can 

be ignored. 

* According to Feynman's definition, B represents the magnetic field vector and H represents the 
magnetizing field. The term E represents the electric field, and D is the displacement field. 



SOURCE 

MEASURING   DEVICE  AT 
POINT   OF   OBSERVATION 

PHYSICAL   BLOCKAGE 

Note: The power supply field varies as 1/lr-r'l and the transformer field varies as 1/lr-r'l , where the term r 

is the distance from the source to the center of the cylindrical shell and r is the distance from the cylindrical axis to 

the measuring device at the point of observation. The coordinates at the point of observation are always r and 8. 

Figure 1. Representation of the Cylindrical Shell (or Blockage) 



2.   THE MATHEMATICAL MODEL 

As described in section 1, the model is based on an iteration process between Ampere's law 

Vx^J + f, 
dt 

where / is the current density andD is the displacement field vector, and Faraday's law 

Vxg=-f , 
dt 

where V x is the curl of the E field and t is time. The H field is related to B by B = pH, where 

the permeability \i is complex for a composite material. The displacement field D is related to E 

by D = eE, where E is complex for a composite material. 

Ohm's law is used to express the current density in terms of the E field as 

J = oE, 

where (7 is the conductivity. 

We use the complex amplitudes of the fields, 

— £. „jwt 
E = RcEe    , 

where Re represents the real part and E is the complex amplitude of the electric field, to generate 

the Poynting vector 

S=-Re(£x/H . 

The Poynting vector is then used to derive field intensities at the point of observation: 

— — „jwt 
H = RtHe    . 



The iteration process can be truncated after only a few iterations owing to the presence of 

low frequencies. In fact, for very low frequencies, we may only need Ampere's law to extract the 

E field from the H field (which has been derived from the magnetostatic model). 



3.   THE POWER SUPPLY SOURCE IN THE PRESENCE OF A 
CYLINDRICAL SHELL OF COMPOSITE MATERIAL 

IN THE MAGNETOSTATIC LIMIT 

THE MATHEMATICAL FORM FOR THE l/|r -r'| SOURCE 

For the power supply source, theHfields are given in three regions:  r > b, a<r<b, and 
r < a, where a and b are the inner and outer radii of the cylindrical shell, respectively. 

For r > b, the H field is given by 

\r-r    \r-r — r* 
£=0 

where P^(cos0) are the Legendre polynomials. 

For a<r<b, 

and for r<a, 

The B field for the 1/Jr - r'\ can be expressed as 

_ B0 (r-n 
B    \r-r\ \f-f'\   ' 

(1) 

H=-yf\ß/+-gj-$ [«*(*)}}, (2) 
£=0 *• r J 

2 

H = -V^Ö£r
£P£[cos(6)]. (3) 

THE l/|r-r'| SOURCE IN COMPONENT FORM AND 
ITS BINOMIAL EXPANSION 



where the second factor is the unit vector extending from the source to the observation point. 

Taking the dot product of B with the unit vectors in the radial and angular directions of the physical 

blockage cylindrical coordinate system yields 

B, 
B0    {r-r')tf_ B. 

r    }r-f'\ r-f" r    \r-r 
^{r-r'cosd) (4) 

and 

\r-r'\ \r-r\ 
(5) 

where B0 is the source strength. 

Expanding 1/1 r - f I  in the binomial expansion yields 

1, 1 (,    r'2    2r'      ?\    . 
-,,2 = -i- 1 T + —cos0      for r>r 

\r-r\      rz[      rz      r ) 
(6) 

and 

1 (.     r2     2r \ 

\r-rf    r'2 1 r + —cos6 
V     r'2     r' 

for r <f (7) 

THE MATHEMATICAL SOLUTION OF THE B AND H FIELDS 
FOR THE l/|r-r'| SOURCE 

We substitute equations (6) and (7) into equations (4) and (5) and the result into the source 

terms of equations (1), (2), and (3). By applying the boundary conditions for the B and H fields 

to the resulting equations and setting the coefficients of the powers of the sines and cosines equal 

to zero, we generate 10 equations and 10 unknowns, which are solved to obtain the coefficients of 

expansion with the Mathematical software (see appendix). 

The boundary at r - b has two cases:  r < r' and r > r'. For the continuity of Br, the 

coefficients of (cos 9)   are 

BJU   b^ 
\    r J 

.'2 = a0^r-|«2^-^7o^--M-M^ + -^^-   for r<r (8) 



and 

ß f       r'2^ 
b — 

1     3      1 3„r2 = OJolT-r«2 7T-^roT2-M-^2ö + -iuf|-    for   r>f;        (9) 
M    2   '£ 2'  64 

the coefficients of (cosö)1 are 

B0(3b2     ,}      .     1 
r'H r' 

-r 1 
= -2al-r-2iiyl-j   for F<r' (10) 

and 

Bjr«      ^     ^     I     „       1 
■ + r =-2a, —j--2ur, —r    for r>r'; (11) 

and the coefficients of (cos 0)   are 

-2bB. 9 
—i 

2 

9 „r2 ,2^ = -cc2-+3ßß2b--nf   for r<f (12) 

and 

-2r'zS 1 9   r2 
fc3     =2aV+3A'/?2Z?"2/X#    f°r F~f'" (13) 

For the continuity of HQ at r = b, there are no terms in the coefficient for (cos 0)°.  For the 
coefficient of (sin)1, 

#-£>-*-£ -"'' (14) 

and 

5 
b' V-41-4-=-A-4 for ^f'- fc2 J    ö3        !    ft3 (15) 

For the coefficient of (sin 6 cos 6)1, 

2B,b    3a2    00,2   3y2    .     _ __, 
—£- + —=2- = 3/Mr+-^-   for r<r' 
r'2       fc3 2        fc4 (16) 



and 

22?0r'
2    3a2_       2    3y. g_ + ^t = 3^+£J.   for F. (17) 

For the continuity of Br at r = a, the coefficient of (cos 0)° is 

the coefficient of (cos 9)   is 

M Ä-^W; (19) 
V       ay 

and the coefficient of (cos 6)  is 

/{3/?2a-f J) = f V • (20) 

For the continuity of HQ zür = a, the coefficient of (sin)1 is 

ßia+7i\=S1a, (21) 

and the coefficient of (sin 8 cos 6 )x is 

ß,a2 + 7, —r = £,a2. 
V (22) 

The radii a and £ are fixed known numbers, and the unknowns are 

a0,ava2,ßl,ß2,7Q,7i>Yi<$i>m&52 > 

with the following solutions: 



cc0 = 
ßhi^e^b - 12ft2a5b + 6a3b2 + lSßa 3b2 + \2\i 2a3b2 + 4^ib5 + 6/z V) 

6X2X4r'4 

+ ■ 
-6b3X2X3 -3ßX2X5r'- 6ß2X2X5r' -6bX2X3r'2 + 6bAXAX6r'2] 

6X2XAr'A 

«1 = 

_B0(-3b2 + r'2) 

2r /3 ' 
25h*X6 (X   — 2 L 

W2 o v      ,2 3X2r' 

*L = 

-3Bo[iX, 
2X2r /2 

_lOB0\ib
4X7 

3X2r'2 

which were solved numerically using the Mathematical software (see appendix). 

Substituting the above Legendre polynomial coefficients back into equations (1), (2), and 

(3) yields for r > b 

H = r 
an    3 a, -2—^ (r-r' cos0)-4cos0 + ^L + ^2-(3cos20-l 

r  +r'  —2rr' r r       2r   ^ 

+ e 
Bnr'sind        a,       „    a0 .        „ .   ^. 0 Lsin0 + -4-(6cos0sm0) 

r2 + r'2-2rr'     r 2r 

for b>r>a 

H = r [r^-ß^ose+^+ij^^ß^cos'e-i) 

+ e f       7 ~\ 67. 
j8,+-f sin0-ß„r + —/-sinöcosö 

v     ' y 

and for r < b 

H = r cos0-^(3cos20-l) + % +e &   .   _    38j   .   n      n -k- sm 6 + —£■ sin 6 cos 0 
V 

These equations have complex permeability. 
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4.   THE TRANSFORMER SOURCE IN THE PRESENCE OF A 
CYLINDRICAL SHELL OF COMPOSITE MATERIAL 

IN THE MAGNETOSTATIC LIMIT 

THE MATHEMATICAL FORM FOR THE 

l/|r-rf SOURCE 

For the transformer source, the H fields are given in three regions: r > b, a<r<b, and 

r<a, where a and b are the inner and outer radii of the cylindrical shell, respectively. For r > b, 

the H field is given by 

fl=i-g%(r!,?-yi^Mg^ r-r      r-r £=Q 

(23) 

for a<r<b, 

Ä = -vXJi%^+-gr^[cos(0)]} (24) 

and for r < a, 

£ = -V£$rf?[cos(e)]. 
£=0 

Expanding equations (23), (24), and (25) yields for r > b 

(25) 

H = r 
Bo 

[r2+r,2-2rr') 
^(r-r'cos0)-^cos0 + ^ + ^(3cos20-l) 
'\2K J    r2 r2     2r4^ ' 

+ 6 Bpr'sme ^sine+%(6cos0sine) 
(r2+r'2-2rr>f     r ^ 

for b>r>a 

11 



H = r 7i p- A)«»* + *J +(y2 ^ + 2ß2r j(3cos2 0 -1) 

+ 6 ß1+^]smd-ß2r + ^sin9cose 

and f or r < b 

H = r 
28. 38, '2n,   2 -J-COS0 f (3cos" 6>-l)+-f- 

4r r 

+ 6 
&      „   35o  .   „ 
-^-sin 0 + —^-sm 6 cos 0 
r r 

THE l/|r-rf SOURCE IN COMPONENT FORM AND 
ITS BINOMIAL EXPANSION 

„i3 The B field for the l/[f - r '|   source can be expressed as 

\r-rf \r-r'\ • 

where the second factor is the unit vector extending from the source to the observation point. 

Taking the dot product of B with the unit vectors in the radial and angular directions of the physical 

blockage cylindrical coordinate system yields 

B      (r-f)   r        B 
B = * , }*L = ; <Hi(r-r'cose) (26) 

and 

■B  = 
B r'sin0 

'.-f^-^-'-'.Y^f- (27) 

fe     */|4 Expanding l/|f - f'\   in the binomial expansion yields 

\r-rf 
1-2 —5 COS0 for   r > F (28) 

12 



and 

\r-rt 
"i    of*2     2r       *" 1-2 —fr cos0 for   r < r' (29) 

THE MATHEMATICAL SOLUTION OF THE B AND H FIELDS 
FOR THE l/|r-rf   SOURCE 

We substitute equations (28) and (29) into equations (26) and (27) and the result into the 

source terms of equations (23), (24), and (25). By applying the boundary conditions for the B and 

H fields to the resulting equations and setting the coefficients of the powers of the sines and 

cosines equal to zero, we generate the 10 equations and 10 unknowns, which are solved to obtain 

the coefficients of expansion. These coefficients are then substituted back into equations (1), (2), 

and (3) to yield a numerical solution. 

The boundary atr = b has two cases: f < f and r > r'. For the continuity of Br, the 

coefficients of (cos 6) are 

B 
1- 

2b^ 

r'2j 

a0    3 fa. 
~~bY+2 Kb -ßYo 'Ü-^KF for  r<rf (30) 

and 

/ 2r /2" an . 3 
b2       b2    2 

a 
Kb = -ß7c 

(Jj) 
[b2J ■täb+\{j^\ for ^; (3D 

the coefficients of (cos 0)1 are 

BjAb2    ,2b 
-—b + -0. 

.'4 

2\ 

r' ) --j^
=tä-w\jf) for f-r (32) 

and 

ffK 
/3\ 

b2j 
-^L = M-^71[|-J    for   r>r'; (33) 

and the coefficients of (cos 6) are 

13 



-£(4*)-f£- 3^ 
2 

z' 

V 
2ß2b-^\    for   r<r' (34) 

and 

>-)-&--#*-£) * ™ (35) 

For the continuity of //e at r = ft, there are no terms in the coefficient for (cos 9) .  For the 

coefficients of (sin)1, 

-'4 r -■ 
2b2 

-f = -{A& + 7ipr)  for W 

and 

5J ,   2r '^ 2. „/ 
r4T    'ft2 

a, Äö+r^J  for r>r 

(36) 

(37) 

For the coefficients of (sin 6 cos 0)1, 

and 

_'4 

5, 

a, (4ft) + 3^f- = - 
3H 

— -v I    for  r < r' 
72Vft" 

b5{      '     b: = (TT I    for F^r 
y2vft 

(38) 

(39) 

For the continuity of Br at r = a, the coefficient of (cos 6)  is 

->4(2Aa-r>?>0; 

the coefficient of (cos 6) is 

(40) 

2 
A-71^- = $; (41) 

and the coefficient of (cos 0) is 

14 



-\2ß2a-y2 — 
2\ a J 

38za . (42) 

For the continuity of HQ at r = a, the coefficient of (sin)1 is 

V a J 

and the coefficient of (sin 6 cos 0)1 is 

(43) 

(44) 

Solving the 10 equations and 10 unknowns with ji complex, which represents a composite 

material, yields the magnetostatic solution (calculated with Mathematical as shown in the 

appendix). 
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5.    CONCLUSIONS 

This research develops a new technique to model fields from transformers and power 

supplies at low frequencies in the nearfield region shielded by cylindrical shells of composite 

materials. The first step in the process formulates the magnetostatic problem by solving Laplace's 

equation in terms of binomial and Legendre polynomial expansions. With the solution to the 

magnetostatic problem used as a basis, Ampere's law generates an E field with complex 

permittivity. This E field becomes the basis for a new H field in Faraday's law. A perturbation 

expansion is then generated for the B, H, E, and D fields. The boundary conditions are applied to 

these new fields, and the coefficients of expansion are calculated. The intensities and Poynting 

vectors are also obtained in the various regions. Plots of these intensities versus the real and 

imaginary parts of the permeability and the real and imaginary parts of the permittivity will be 

provided in a future report. 
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